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ABSTRACT 
In this paper it is shown that 
1 
lim n-4c( Kn) -- 
n~r~o 64 
where c(Kn) denotes the minimum number of crossings with which the complete graph 
Kn can be drawn in the plane. Our result depends on the hypothesis of Zarankiewicz 
that 
p p - -1  q q- -1 
Let G be a finite graph without loops or parallel edges. The crossing 
number c(G) of G is the minimum number of crossings which occur in any 
(planar) drawing of G (we do not permit more than two edges to cross at 
any given point). Call a drawing D of G normal if (1) no edge crosses 
itself, (2) no pair of edges crosses more than once, and (3) no two edges 
with a common end-point cross each other. It is noted in [3] and [5] that 
c(G) : -  the minimum number of crossings in any normal drawing of G. 
Thus, we shall assume that all drawings of G are normal. 
Consider the complete graph K~ consisting of n vertices with edges 
connecting every pair of distinct vertices. It has been conjectured by 
Guy [2] and others that 
1 
where [x] denotes the greatest integer which does not exceed x. Let 
S,~ = n-4c(K,~). Erd~Ss has proposed the following problem: Determine 
the existence and value of lim,_~ Sn. Guy [3] has shown that 
lim S,~ exists (1) 
n--~oo 
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and that in fact 
1 & (2) 
It is the purpose of this paper to establish the following: 
THEOREM. I f  the hypothesis of Zarankiewicz [6] that 
is valid, then lim,_,~ S, = 1/64. The conclusion of our theorem implies 
that c(K~) is on the order ofn4/64. Moon [4] has obtained a similar result. 
The bicomplete graph K~.~ consists of two disjoint vertex sets V, V' 
containing p and r elements, respectively, where v and v' are joined by an 
edge if and only if v ~ V and v' e V'. If p < n are positive integers, then 
the complete graph Kn can be decomposed into a (non-unique) bicomplete 
graph K~.,_~, throwing away the leftover edges. With each such decom- 
position, we associate the vertex sets V~ and V~_~. 
PROOF OF THE THEOREM: Suppose p is fixed and D is an arbitrary 
drawing of K~. Let x be any crossing in D. I fx  belongs to a decomposition 
D~,~_~ of D corresponding to a decomposition K~,~_~ of Kn, then exactly 
two of the four vertices associated with x (i.e., the four end-points of the 
two edges which cross at x) belong to V~ and this can happen in exactly 
four distinct ways. (Remember that, if the two end-points of an edge in D 
both belong to V~ or to Vn_~, then the edge does not belong to D,,~_~ .) 
We can select a maximal system m of p-element vertex sets in D with the 
property that no two sets in m have a 2-element subset in common. Let us 
denote by ~ = ~(n, p) the number of elements in m. Thus we can find 
a system D1 ,..., Dm of subsets of D such that each Dj is a drawing of 
K~,,_. and such that every crossing x in D belongs to at most four of the 
Dj.  Therefore the number of crossings in D is at least one-fourth 
d 1 § ... + d,~, where dj is the number of crossings in Dj.  
By Zarankiewicz's hypothesis, we have 
(3) 
Since each Dj contains at least c(K~.~_~) crossings, we see that D contains 
at least 
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edge crossings. But D and p were arbitrary, so we have 
c(K.) ~ ~c(K~.,~_~) (4) 
wherever 1 < p < n. 
Erd6s and Hanani [1] have shown that 
lira 2 a 
whenever 2 ~< p ~< n, where (~) is the binomial coefficient. Thus by 
(1), (3), (4), and (5) we have for any fixed integer p > 1 
lim S~ 
~-~ ( -p ) [2 - ]  (-p-~-]---1 ) [ ~ ]  (n ) [ - -~]  (1) -- p 2 ] 
1 
= ~ q(P), 
where 
2 p 
Clearly q(p) ~< 1 and it is easy to see that, given E > 0, we may choose 
p sufficiently large so that q(p) > 1 -- E. Therefore 
1 
lim S~ >~ - -  
~-,~o 64 
and this, together with (2), establishes the theorem. 
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